Micromorphic modeling of granular dynamics  by Chen, Kuo-Ching & Lan, Jeng-Yin
International Journal of Solids and Structures 46 (2009) 1554–1563Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/ locate / i jsols t rMicromorphic modeling of granular dynamics
Kuo-Ching Chen *, Jeng-Yin Lan
Institute of Applied Mechanics, National Taiwan University, 1, Sec. 4, Roosevelt Road, Taipei 106, Taiwana r t i c l e i n f o
Article history:
Received 15 December 2007
Received in revised form 10 November 2008
Available online 11 December 2008
Keywords:
Granular materials
Microcontinuum
Continuum mechanics0020-7683/$ - see front matter  2008 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2008.11.022
* Corresponding author. Tel.: +886 2 3366 5676; fa
E-mail address: kcc@spring.iam.ntu.edu.tw (K.-C. Ca b s t r a c t
This paper provides micromorphic modeling of a granular material. Micromorphic modeling treats an
individual particle as a microelement and the particle composition in a representative volume element
as a macroelement. By specifying the volume of a macroelement, continuum volume-type quantities such
as mass density, body force, body couple, kinetic energy density, internal energy density, speciﬁc heat
supply, etc., are determined by taking the averages of their discrete counterparts in a macroelement.
The discrete expressions for the divergence of surface-type quantities (ﬂuxes) are obtained with the help
of discrete–continuum analogy for the discrete balance equations. We demonstrate that the discrete for-
mulation of stress tensor in the dynamic condition, which involves both contributions from body forces
and relative particle accelerations in a macroelement, can be simply expressed in terms of contact forces
and branch vectors. This study constructs complete discrete-type and continuum-type balance equations
for a granular material in a macroelement and at a macroscopic point, using the discrete–continuum cor-
respondence for these ﬁeld quantities.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Microcontinuum ﬁeld theory has been developed by Eringen
and Suhubi (1964) and Eringen (1964, 1999, 2001) to characterize
detailed behaviors of materials with internal degrees of freedom. A
microcontinuum can be categorized into micromorphic, micro-
stretch, and micropolar continua according to different macroele-
ment internal deformations. The success of this theory over the
past four decades has been justiﬁed in applications describing pe-
culiar responses of liquid crystals, polymers, suspensions, and
many kinds of materials. The purpose of this study is to discuss
the feasibility and applicability of the microcontinuum theory to
characterize the dynamics of a single-phase granular material.
A granular material is an aggregate of a large number of discrete
solid grains. Two different approaches model the mechanical
behaviors of granular materials: the microscopic discrete-particle
approach and the macroscopic continuum mechanical approach.
The discrete element method and the molecular dynamics method
are usually employed to depict individual particle motion in a
granular system (Goldhirsch and Goldenberg, 2004). Homogeniza-
tion helps to formulate granular material macro ﬁelds in terms of
corresponding microﬁelds, such as contact forces and displace-
ments between particles (Chang and Liao, 1994). The continuum
theory provides another useful approach to dealing with the
mechanics of granular materials, contrary to discrete treatments.
This approach has been successfully applied to analyze the motionll rights reserved.
x: +886 2 2932 2714.
hen).of avalanches, debris, and mud ﬂows of granular matters
(Takahashi, 1991; Hutter et al., 1996).
A complete understanding of the mechanics of granular materi-
als under the continuum mechanical approach is currently still
lacking. This lack is due to the internal structural complexity of
these materials and a lack of considering macroscopic inﬂuence
contributed by the characteristic length of these materials. Specif-
ically, in addition to standard balance equations in continuum
mechanics, another equation is necessary to account for the effects
caused by internal relative motion of particles. Recognizing that
pore space plays an important role in granular material behavior,
Goodman and Cowin (1972) developed a continuum theory for
these materials which treats the solid volume fraction as an inter-
nal variable and then proposes an equilibrated force balance equa-
tion for this variable. Other internal variables for a granular
material have also been investigated, among which particle rota-
tion has received much attention. Treating particle rotation as an
internal variable is partly responsible for driving the development
of micropolar continuum studies on granular materials. Early treat-
ments of the mechanics of materials with internal rotation trace
back to Voigt and Cosserat brothers. Later studies concentrate on
developing micropolar continuum theories (Toupin, 1964; Eringen,
1964; Green, 1965; Mindlin, 1965; Nowacki, 1986).
The signiﬁcant effect of microrotation in metals has so far not
received experimental support to date, even though micropolar
theories have predicted several interesting phenomena in materi-
als. However, micropolar effect might be taken into account in
other materials, such as human compact bones, for which some
experimental observations suggest that a micropolar solid seems
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experimental evidence (Oda, 1997) showing the important role of
discrete granular particle rotation in the development of shear
band reinforces the viability of micropolar theory applicability to
granular media, especially in a loosely packed state. As for theoret-
ical treatments, researchers have used micropolar theories to ana-
lyze the deformation and ﬂow of granular materials (Kanatani,
1979; Chang and Ma, 1991). Recently, Goddard et al. (2005) pro-
posed an energy-based homogenization method to derive the qua-
si-static continuum models of discrete granular media, obtaining
the higher-order stresses for micropolar continua by expanding
particle displacements and forces in terms of their polynomial rep-
resentations. Froiio et al. (2006) established a mathematical frame-
work to develop linear-momentum and angular-momentum
balance laws for granular materials by introducing the concepts
of ‘‘part”, ‘‘granular surface”, ‘‘separately additive function”, and
‘‘ﬂux”. Other excellent works also investigate micropolar
continuum applicability to granular materials (Chang and Ma,
1990; Ehlers and Volk, 1998; Bardet and Vardoulakis, 2001;
Tordesillas and Walsh, 2002; Kruyt, 2003; Ehlers et al., 2003;
Chang and Kuhn, 2005).
This study proposes a micromorphic model, accounting for both
microstructuralmotions of granularmedia – the bulkmotion due to
arrangement and compressibility of grains (Goodman–Cowin treat-
ment) and the rotational motion of grains (micropolar treatment).
The current work links a representative volume element (RVE)
and a macroelement (Eringen, 1999), treating a macroelement as
a region for averaging discrete quantities. By specifying a macroel-
ement volume, we obtain micromorphic continuum quantities in
terms of discrete quantities. Special emphasis is paid to the general
discrete formulation of the stress tensor, inwhich contact forces be-
tween grains, volumetrical forces of grains, and grain accelerations
relative to the macroelement’s center of mass (COM) are taken into
account. The six discrete balance equations – mass, microinertia,
linear momentum, angular momentum, energy, and entropy are
formulated within a macroelement, and then transformed to their
continuum correspondences. In the past, Babic (1997) and Zhu
and Yu (2002) have proposed a space–time averaging technique
to link discrete balance equations to the standard continuum bal-
ance equationsmentioned above. Besides the ﬁve equations, micro-
morphic modeling in the current study helps to provide a new
balance equation – the microinertia balance equation, which de-
scribes the evolution of second-order moment of mass density. This
equation can be used to characterize grain arrangement in a
macroelement.
This paper is organized as follows. Section 2 brieﬂy reviews the
background of a microcontinuum. Section 3 presents the micro-
morphic model by proposing a macroelement-particle treatment.
Proposing a macroelement correlates the volume-type and sur-
face-type continuum quantities for a granular material with their
discrete counterparts. Section 4 provides discrete macroelement-
particle-based balance equations and derives their corresponding
continuum balance equations. Section 5 states conclusions and
ﬁnal remarks.2. Formulation of ﬁeld equations for a microcontinuum
A material body B in the microcontinuum theory is treated as a
collection of deformable macroelements fDBg. A macroelement,
whose mass, volume, and mass density are, respectively, denoted
by dm, dV, and qð¼ dm=dVÞ, contains many microelements, having
mass dm0, volume dV 0, and mass density q0 ¼ dm0=dV 0, such that
qdV ¼ RDB q0dV 0 and dV ¼ RDB dV 0, where the quantities with
‘‘prime” above indicate those of a microelement. A macroelement
DBðX;NÞ can be characterized by its center of mass C and vectorsN’s relative to C, where the vector X represents the position vector
of C and the vector N describes the intrinsic structure of the mac-
roelement. This vector N measures the position vector of a micro-
element relative to the macroelement’s COM.
The kinematics of a macroelement DB can be described by the
two mappings
X! x ¼ x^ðX; tÞ; ð1Þ
N! n ¼ n^ðX;N; tÞ; ð2Þ
where X and N are measured in the reference conﬁguration, and x
and n are the corresponding vectors of X and N in the current con-
ﬁguration. The ﬁrst mapping is the macromotion and the second
one is the micromotion. The macromotion is mathematically de-
scribed by the deformation gradient F, and under a linear approxi-
mation the micromotion can be characterized by the deformable
directors v such that we have the two relations
dx ¼ F  dX; n ¼ v  N: ð3Þ
The complete set of balance equations in the microcontinuum
ﬁeld theory is (Eringen, 1999)
dq
dt
þ qr  v ¼ 0; ð4Þ
di
dt
 m  i i  mT ¼ 0; ð5Þ
q
dv
dt
r  t qf ¼ 0; ð6Þ
qrr  l ðt sÞT  ql ¼ 0; ð7Þ
q
de
dt
 tT : ðrv  mÞ  sT : m  l ... rm þr  q qr ¼ 0; ð8Þ
q
dg
dt
þr U c ¼ 0: ð9Þ
These equations represent the balance of mass, microinertia, lin-
earmomentum,momentummoment, internal energy, and entropy,
respectively. Here, d=dt is the total time derivative and the super-
script ‘‘T” means the transpose. The operators ‘‘:” and ‘‘..
.
” stand for
the double and triple contractions in the last two and three
indices such that for a ðkþ 2Þ-order tensor a and a ðlþ 2Þ-order ten-
sor b with components ai1 i2 ;...;ikþ2 and bi1 i2 ;...;ilþ2 , we have ða : bÞ ¼
ai1 i2 ;...;ikmnbi1 i2 ;...;ilmn and ða..
.
bÞ ¼ ai1 i2 ;...;ik1mnpbi1 i2 ;...;il1mnp. The sixteen
quantities q;v; i; m; t; f; r; l; s; l; e;q, r, g, U, and c are, respectively,
the mass density, the velocity ﬁeld, the microinertia tensor, the
microgyration tensor, the stress tensor, the body force, the spin
inertia per unit mass, the stress momentum tensor, themicrostress,
the body couple per unit mass, the internal energy density, the heat
ﬂux vector, the heat source, the entropy density, the entropy ﬂux,
and the entropy production.
The success of the macroscopic ﬁeld theory of a microcontinu-
um can be found not only in its application to modeling the behav-
ior of a lot of substances but also in its support from a microscopic
derivation (Oevel and Schröter, 1981; Chen and Lee, 2003).
Whether or not the microcontinuum equations can be applied to
a discrete granular system heavily depends on the interpretation
and formulation of continuum quantities in terms of corresponding
discrete quantities. The next section discusses an approach to mod-
eling a granular system as a microcontinuum.3. Micromorphic modeling
Producing macroscopic quantities of a granular assembly re-
quires choosing a suitable spatial domain, over which those quan-
tities can be obtained by taking the average of their corresponding
microscopic counterparts. Tordesillas and Walsh (2002) treated a
particle and its contact particles as a domain to link discrete
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treatment recognizes that homogenizing a large number of parti-
cles cannot delineate the evolution of shear bands, only a few par-
ticles wide. Thus, a fundamental problem in presenting a good
macroscopic description of a granular system is to determine the
size of an RVE, or how many grains should be contained in an
RVE? Researchers to date have not reached a consensus on deter-
mining the extent of an RVE. Basically, a good macroscopic descrip-
tion requires the following condition:
kP < kR < kD; ð10Þ
where kP , kR, and kD denote the characteristic lengths of a granular
particle, an RVE, and the whole granular system, respectively. The
following derivation follows this constraint condition.
3.1. RVE, macroelement, and macroscopic point
In the reference conﬁguration, let’s consider a spherical RVE
with radius rR and denote the number of particles in the RVE by
N. For the sake of simplicity, we assume that particles are spherical
because the effect of particle shape does not explicitly enter into
the formulation of our modeling. This does not contradict with
the fact that the geometric shape of particles has a great inﬂuence
on the response of granular materials such as shear bands induced
by biaxial forces (Powrie et al., 2005). Indeed, particle shape will
indirectly contribute to the granular dynamics by inﬂuencing the
distributions of particle mass and contact forces, which in turn
determine the related continuum quantities, such as the microin-
ertia tensor and stress tensor.
Fig. 1 shows that the position vector of a particle i in the RVE, xi,
can be represented by the position of the COM of all particles in the
RVE, x, and the position relative to the COM, ni. To be explicit, we set
xi ¼ xþ ni: ð11Þ
Introducing the coordinate system ðx; niÞ provides ð3N þ 3Þ
translational degrees of freedom (DOFs) for all particles in the
RVE, greater than the original 3N translational DOFs, described
by the N vectors xi. However, this center-of-mass coordinate sys-
tem implicitly imposes three additional constraint conditionsPN
i¼1n
i ¼ 0. Together with the other 3N DOFs for N-particle spins,
there are 6N numbers of independent DOFs for the RVE.Fig. 1. A spherical RVE containing N particles is adopted. In the center-of-mass
coordinate system, the position of a particle is decomposed into the position vector
of the COM of all particles in the RVE and the position relative to the COM. For
convenience of expression, the particles are symbolically represented in a spherical
form.The construction of continuum ﬁeld quantities from discrete
quantities requires the speciﬁcation of the volume of domain for
averaging. Using the notion of macroelement in microcontinuum
ﬁeld theory, an RVE is inappropriately viewed as a macroelement
because an RVE is usually treated as a ﬁxed domain in the refer-
ence conﬁguration and a macroelement is a moving material ele-
ment. This study accordingly deﬁnes a macroelement in this
micromorphic modeling as a moving domain composed of those
particles in an RVE. A microelement in this modeling is meanwhile
adopted as a single particle. Furthermore, we adopt the cell volume
of the Dirichlet tessellation (Dirichlet, 1850; Oda and Iwashita,
1999) as the basic volume unit, which includes the volume of a sin-
gle particle and partial spatial volume of surrounding void. Let DVi
be the cell volume of particle i in the Dirichlet tessellation, and the
macroelement volume be the sum of the cell volumes of all parti-
cles in the macroelement, i.e., DV ¼PNi¼1DVi. Macroelement vol-
ume DV is notably time-dependent.
This work images and assumes a macroelement as a macro-
scopic ‘‘point”, and assigns the position of this macroscopic point
as the macroelement’s COM, in order to have a continuum descrip-
tion of the discrete system. In this manner, all related macroscopic
quantities at a macroscopic point x are given as the average of their
corresponding discrete counterparts over the macroelement. With
the deﬁnition of a macroscopic point, the relative position vectors
ni are treated as internal DOFs at point x and these internal DOFs
evidently characterize the particle arrangement in an RVE.
Similar to the decomposition of the position vector in Eq. (11),
the velocity of particle i in a macroelement measured at the origin
of a Cartesian coordinate can be written as
vi ¼ v þ _ni; ð12Þ
where v is the velocity of the macroelement’s COM, and _ni repre-
sents the velocity of particle i measured from the COM.
3.2. Discrete–continuum relations for volume-type quantities
As soon as specifying the volume of a macroelement, one can
readily construct the relations between the other macroscopic ﬁeld
quantities and their discrete counterparts. These macroscopic
quantities can be separated into two categories: (i) volume-type
quantities such as mass density, speciﬁc body force, speciﬁc body
couple, entropy density, kinetic energy density, and internal
energy density, and (ii) surface-type quantities, including stress
tensor, couple stress, and heat ﬂux.
With the volume DV of a macroelement, the discrete–contin-
uum correspondences for the mass density q, body force density
f, body couple tensor l, spin density s, total angular momentum
density S, kinetic energy density T, internal energy density e, and
entropy density g of a granular assembly can be readily found as
1
DV
XN
i¼1
mi ¼ m
DV
¼ hqi ! qðx; tÞ; ð13Þ
1
DV
XN
i¼1
mif i ¼ hqfi ! qðx; tÞfðx; tÞ; ð14Þ
1
DV
XN
i¼1
mif i  ni ¼ hqli ! qðx; tÞlðx; tÞ; ð15Þ
1
DV
XN
i¼1
misi ¼ hqsi ! qðx; tÞsðx; tÞ; ð16Þ
1
DV
XN
i¼1
miðxi  vi þ siÞ ¼ hqSi ! qðx; tÞSðx; tÞ; ð17Þ
1
DV
1
2
mv  v þ 1
2
XN
i¼1
mið _ni  _ni þ si  hi1  siÞ
" #
¼ hTi ! Tðx; tÞ; ð18Þ
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DV
XN
i¼1
miei ¼ hqei ! qðx; tÞeðx; tÞ; ð19Þ
1
DV
XN
i¼1
migi ¼ hqgi ! qðx; tÞgðx; tÞ; ð20Þ
where the quantities between left and right angles indicate the dis-
crete averages in a macroelement and they are assigned to the point
x, which is the COM for the macroelement. Here, f i, si, hi, ei, and gi
are the speciﬁc body force, spin density, tensor of moment of iner-
tia, speciﬁc internal energy, and speciﬁc entropy for particle i in a
macroelement. The operator ‘‘” is referred to the tensor product
and m stands for the total mass of the macroelement.
It is straightforward to express the linear momentum at the
point x as
1
DV
XN
i¼1
mivi ¼ hqvi ! qðx; tÞvðx; tÞ: ð21Þ
Substituting Eq. (12) into Eq. (21) yields
XN
i¼1
mi _ni ¼ 0; ð22Þ
which reﬂects the fact that the momentum measured at the mac-
roelement’s COM is zero.
The total angular momentum at the point x is composed of the
‘‘spin” angular momentum in a macroelement characterizing parti-
cle spin and the ‘‘orbital” angular momentum of particles about the
origin of the coordinate system. The orbital angular momentum is
expressed by
PN
i¼1m
iðxi  viÞ, and, using Eqs. (11), (12) and (22), it
can be transformed to a simple form:
mðx vÞ þ
XN
i¼1
miðni  _niÞ:
The kinetic energy at the point x contains three parts: (i) the
kinetic energy of macroelement’s COM with velocity v, (ii) the
relative kinetic energy of particle i with relative velocity _ni, and
(iii) the spin energy of particle i with angular velocity hi
1  si.
In addition to the general quantities in standard continuum
mechanics, microcontinuum ﬁeld theory introduces a new quan-
tity, called microinertia density i, to account for the second-mo-
ment of inertia of a macroelement. The importance of the
symmetric second-order microinertia tensor, i ¼ ð1=qdVÞ RDB q0n
ndV 0, lies in the manifestation of mass distribution in a macroele-
ment. This is the very reason why microcontinuum theory is a suit-
able candidate for describing a granular material, since the particle
arrangement is crucial to determining several physical quantities
of this material. With reference to the deﬁnition of the microinertia
density, this study proposes the discrete–continuum correspon-
dence for qi to be
1
DV
XN
i¼1
mini  ni ¼ hqii ! qðx; tÞiðx; tÞ; ð23Þ
for a micromorphic modeling of a granular material.
3.3. Discrete–continuum relation for surface-type quantities–stress
tensor
Consider the proposition of the macroscopic deﬁnition of stress
tensor. For a microcontinuum the stress tensor t at a point x is for-
mulated as
ðn  tÞdS ¼
Z
Tðn
0
fÞdS0; ð24Þwhere Tðn
0
f
Þ is the traction exerting on the surface of a microelement
with surface element dS0 and its unit normal n0f. The surface element
dS and its unit normal n of the macroelement satisfy the relation:
ndS ¼ R n0fdS0.
For a granular material, due to its discrete nature, various deﬁ-
nitions of stress tensor in terms of discrete contact forces and
related quantities have been proposed (Bagi, 1996). Two
approaches to this end can be found. The ﬁrst approach adopts
the basic deﬁnition of stress tensor by ﬁnding the average force
on an arbitrary plane that cuts the packing (Jagota et al., 1988).
The second approach deﬁnes the volume-average stress within a ﬁ-
nite-size domain that contains several particles (Rothenburg and
Selvadurai, 1981; Kanatani, 1981; Christoffersen et al., 1981). In a
static condition, the second approach suggests that the deﬁnition
of stress tensor should be
hti ¼ 1
V
X
c
bc  Fc; ð25Þ
where V, Fc , and bc are the volume of the domain in question, the
contact force, and the branch vector connecting the centers of two
particles in contact, respectively. The summation
P
c is performed
over all internal contacts within the domain of interest. Note that
the deﬁnition (25) is also valid when both the volumetric loads
and the contacting forces are taken into account (Bagi, 1999). This
study will apply the deﬁnition (25) to dynamic cases by treating
the inertia term as a volumetric load. The analysis is as follows.
From the continuum point of view, the linear momentum bal-
ance equation helps to express the stress tensor t and its spatial
gradient r  t as
tji ¼ ðxjtkiÞ;k  xjtki;k ¼ ðxjtkiÞ;k  xjðq _v i  qfiÞ; tji;j ¼ ðtjiÞ;j; ð26Þ
with mass density q, acceleration _v i, and speciﬁc body force fi.
Choosing a suitable domain V, the volume-average stress tensor
htjii and the volume-average stress gradient htji;ji in this domain are
htjii ¼ 1V
Z
V
ððxjtkiÞ;k  xjtki;kÞdV ¼
1
V
I
oV
nkxjtkidS
 1
V
Z
V
xjð _v i  fiÞqdV ; ð27Þ
htji;ji ¼ 1V
Z
V
tji;jdV ¼ 1V
I
oV
njtjidS: ð28Þ
For a granular assembly, if ðn  tdSÞ corresponds to contact force
Fc , then, analogous to the expressions (27) and (28), the stress ten-
sor t and its divergence of a granular assembly are
1
DV
X
ðbÞc
xc  Fc  1
DV
XN
i¼1
mixi  ð _vi  f iÞ
¼ 1
DV
"
x ðFct þmfb m _vÞ þ
X
ðbÞc
rc  Fc

XN
i¼1
mini  ð€ni  f iÞ
#
! tðx; tÞ; ð29Þ
1
DV
X
ðbÞc
Fc !r  t; ð30Þ
where the kinematic relations (11) and (12) are employed and xc
represents the contact point position. As Fig. 2 illustrates, the posi-
tion of a contact point c can be decomposed through the relation:
xc ¼ xþ rc , where rc is the contact point position measured from
the macroelement’s COM, i.e., x. In Eq. (29), Fct ð¼
P
ðbÞcF
cÞ is the total
contact force acting on the macroelement and
P
ðbÞc denotes the
summation over points of contacts with the boundary of the
macroelement.
Fig. 2. The position of a contact point c can be decomposed by xc ¼ xþ rc . The
vector rc is the position of contact point measured from the macroelement’s COM, x.
Two particles interact each other through a contact force Fc and a possible contact
couple moment mc .
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mfb ¼
XN
i¼1
mif i:
Thus, the balance of linear momentum for a macroelement
implies
Fct þmfb m _v ¼ 0; ð31Þ
which helps to reduce Eq. (29) to
1
DV
X
ðbÞc
rc  Fc 
XN
i¼1
mini  ð€ni  f iÞ
2
4
3
5! tðx; tÞ: ð32Þ
In the absence of acceleration and volumetric (body) forces, the
discrete–continuum correspondence (32) for the stress tensor
becomes
1
DV
X
ðbÞc
rc  Fc ! tðx; tÞ: ð33Þ
If the volumetric forces f i are the same for all particles i such as
gravity force, the discrete formulation of the stress tensor in Eq.
(33) still holds for static conditions (Bagi, 1999). However, in dy-
namic conditions, Eq. (32) shows that the discrete formulation of
stress tensor for a granular assembly involves a contribution due
to relative accelerations of particles in a macroelement. It should
be emphasized that, since relative accelerations rather than abso-
lute accelerations of particles are involved in the general expres-
sion of the stress tensor, the form of (32) is not changed when
we alter the coordinate system, i.e., the stress expression satisﬁes
the objectivity condition.
In addition, the discrete formulation of stress tensor in Eq. (32)
can be further modiﬁed by taking into account the balance of linear
momentum for a single particle i, i.e., mi _vi ¼ mif i þPðiÞcFðiÞc .
Accordingly, Eq. (29) can be transformed into
1
DV
X
ðbÞc
xc  Fc  1
DV
XN
i¼1
mixi  ð _vi  f iÞ
¼ 1
DV
X
ðbÞc
xc  Fc 
XN
i
xi 
X
ðiÞc
FðiÞc
 !24
3
5! tðx; tÞ;where
P
ðiÞc denotes the summation over contact points for the par-
ticle i, and FðiÞc stands for the contact forces on the i-particle. Bagi’s
(1999) deﬁnition of the branch vector is bc ¼ xi  xj in the inside of
the macroelement, and is bc ¼ jc for those faces on the boundary,
where jc refers to those position vectors measured from the centers
of mass of boundary particles to their contact points with boundary.
With the aid of this deﬁnition, the standard expression of stress ten-
sor ð1=DVÞPcbc  Fc is readily recovered, where it should be noted
that the sum is over all contacts, i.e., internal and boundary. This
derivation manifests that in terms of the branch vector the discrete
formulation of stress tensor does not involve body forces and parti-
cle accelerations.
It is evident that the balance equation of linear momentum
helps to determine the discrete formulation of stress tensor for a
granular material. Similarly, other balance equations will help to
formulate the continuum expressions of surface-type related quan-
tities, such as the divergences of couple stress tensor and heat ﬂux.
The following section continues this discussion.4. Macroelement-particle-based balance equations
This study uses an RVE in the reference conﬁguration to identify
a macroelement, then proposes the macroelement-particle treat-
ment to deﬁne macroscopic quantities, which are assigned to the
macroelement’s COM. With this modeling, various mechanical bal-
ance equations in a macroelement can be transformed into their
corresponding continuum limits through the following analysis.
4.1. Mass balance equation
Since a macroelement is a material element, the total mass of a
macroelement should be conserved. Using the deﬁnition of mass
density in Eq. (13), we calculate
d
dt
m
DV
 
¼ m d
dt
1
DV
 
: ð34Þ
The volume change of a macroelement can be caused by particle
rearrangement and particle compressibility in this macroelement.
Because the continuum limit of the time rate of change of DV
can be found to be DVðr  vÞ, the continuum counterpart of Eq.
(34) is reduced to the standard continuum expression of the mass
balance equation
dq
dt
þ qr  v ¼ 0: ð35Þ4.2. Microinertia balance equation
In the micromorphic modeling of a granular material, the micr-
oinertia density qi characterizes particle arrangement in a mac-
roelement. Taking the total time derivative of the discrete
analogy of qidV , given in Eq. (23), yields
d
dt
XN
i¼1
mini  ni
 !
¼
XN
i¼1
mini  _ni þ
XN
i¼1
mini  _ni
 !T
: ð36Þ
To describe the motion of particles relative to the macroele-
ment’s COM, this study denotes by a the orbital angular momen-
tum tensor per unit volume, i.e.,
1
DV
XN
i¼1
mini  _ni ¼ hqai ! qðx; tÞaðx; tÞ: ð37Þ
Thus, it follows from Eq. (36) that the continuum counterpart of
microinertia balance equation is
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dt
 a aT ¼ 0: ð38Þ4.3. Linear momentum balance equation
While deriving the discrete expression of stress tensor in the
previous section, the discrete balance equation of linear momen-
tum for a macroelement has been proposed, i.e., Eq. (31). By means
of the discrete–continuum correspondences in Eqs. (13) and (30),
the linear momentum balance equation at a macroscopic point is
directly obtained from the continuum limit of Eq. (31)
q
dv
dt
r  t qfb ¼ 0: ð39Þ4.4. Angular momentum balance equation (without particle spin)
In classical dynamics, it is well known that the Euler equation
governs angular momentum evolution of a system, and its vecto-
rial form reads
dHp
dt
¼Mp; ð40Þ
with the angular momentum Hp and momentMp relative to a point
p. This equation is valid only when one of the following conditions
is satisﬁed: (i) the point p is the system’s COM; (ii) the point p is
ﬁxed in space or moves with a constant velocity; and (iii) the point
p is accelerating toward or away from the COM. Let the point p be
the ﬁxed origin o of the Cartesian coordinate and choose the system
as a macroelement. Without taking particle spin and contact couple
moment into account, the angular momentum balance equation of
a macroelement should be
dHo
dt
¼Mbodyo þMsuro ; ð41Þ
where Ho, M
body
o , and M
sur
o are, respectively, the angular momentum
and two moments contributed from body and surface forces. They
are expressed as
Ho ¼
XN
i¼1
mixi  vi; ð42Þ
Mbodyo ¼
XN
i¼1
mixi  f i; ð43Þ
Msuro ¼
X
ðbÞc
xc  Fc: ð44Þ
Substituting Eqs. (42)–(44) into (41) leads to the discrete formula-
tion of angular momentum balance equation
d
dt
XN
i¼1
mini  _ni
 !
¼
XN
i¼1
mini  f i þmx ðfb  _vÞ þ
X
ðbÞc
xc  Fc:
ð45Þ
In this derivation, the angular momentum (42) is simpliﬁed by
the two identities
XN
i¼1
mix _ni ¼ 0; ð46Þ
XN
i¼1
mini  v ¼ 0; ð47Þ
which are derived by accounting for the macroelement’s COM coor-
dinate system and by using Eqs. (11) and (12).
To obtain the continuum counterpart of the discrete angular
momentum balance equation, we transform each term in Eq. (45)from the discrete expression to its continuum analogy. First, with
the help of mass conservation and Eq. (37), we can ﬁnd that
1
DV
d
dt
XN
i¼1
mini  _ni
 !
¼ d
dt
1
DV
XN
i¼1
mini  _ni
 !
 d
dt
1
DV
 XN
i¼1
mini  _ni ! qe  _a; ð48Þ
where e is the third-order permutation symbol. Second, recalling
Eq. (15), we arrive at
1
DV
XN
i¼1
mini  f i ! qe  l: ð49Þ
Third, from Eqs. (30) and (31), we obtain the correspondence
m
DV
x ðfb  _vÞ ! x ðr  tÞ: ð50Þ
Fourth, expressing the continuum limit of the moment from
surface force and using the Cauchy ﬁrst principle TðnÞ ¼ n  t and
the divergence theorem leads to
1
DV
X
ðbÞc
xc  Fc ! 1
V
I
oV
y  TðnÞdSy
¼ 1
V
I
oV
ðxþ fÞ  TðnÞdSy
¼ 1
V
x
I
oV
TðnÞdSy  1V e :
Z
V
ry  ðt fÞdVy; ð51Þ
where y is a dummy coordinate and TðnÞ is the traction on the sur-
face element dSy. The position vector of a point, y, within the vol-
ume V can be expressed by y ¼ xþ f, where x is the position of
the center of mass of V, and f is the coordinate relative to the mass
center. The ﬁrst term on the right hand side of Eq. (51) represents
the moment produced by the total outer contact forces of the mac-
roelement, and the expression of the second term suggests that the
deﬁnitions of the volume-averages of the couple stress l and its
divergence can be
hlijki ¼
1
V
Z
V
tijfkdV ; ð52Þ
hlijk;ii ¼
1
V
Z
V
ðtijfkÞ;idV : ð53Þ
Unlike the discrete formulation of stress tensor (32), couple
stress l is a higher-order stress and is deﬁned under the contin-
uum framework. Eqs. (52) and (53) show that the deﬁnition of l
involves stress tensor t, so the discrete formulation of couple
stress tensor, if it is strongly required, is still undetermined in
this study.
Now, by virtue of Eqs. (48)–(51), (53), the continuum counter-
part of the discrete angular momentum balance Eq. (45)
e : q
da
dt
þ qlþr  l
 
¼ 0; ð54Þ
is readily obtained. In order to be compatible with Eq. (7) in the
microcontinuum ﬁeld theory, we introduce a symmetric tensor s,
called microstress tensor, which helps to extend the vectorial bal-
ance equation of angular momentum (54) to a tensorial equation
(Eringen, 1999; Chen, 2007)
q
da
dt
þ qlþr  l ¼ s: ð55Þ
This microstress tensor, or called microstress average, is a result
of the stresses averaged over all particles in the inner structure of
the macroelement from the microscopic atomic viewpoint (Chen
et al., 2004). The issue of ﬁnding the discrete formulation of the
microstress tensor, however, awaits further study.
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Eq. (55) with the balance equation of momentum moment (7). The
ﬁrst difference is that there is no stress tensor term in Eq. (55), and
the second is that the spin inertia per unit mass r in Eq. (7), deﬁned
as ð1=DVÞPNi¼1mi€ni  ni ! qr, is replaced by the rate of orbital
angular momentum tensor _a. The reason for the ﬁrst difference lies
in the fact that the stress tensor in our micromorphic modeling is
symmetric, leading to its vanishing in Eq. (54). The symmetry can
be readily veriﬁed by performing the operation ‘‘e :” on the discrete
formulation of stress tensor (32), i.e.,
1
DV
X
ðbÞc
rc  Fc 
XN
i¼1
mini  ð€ni  f iÞ
2
4
3
5! e : t;
from which we obtain e : t ¼ 0 by using the angular momentum
balance Eq. (45). This fact is also compatible with Bagi’s (1999) con-
clusion that the stress tensor in the volume-average expression is
symmetric when grains are in moment equilibrium. As for the sec-
ond difference, we notice that
1
DV
XN
i¼1
mi _ni  _ni ¼ d
dt
1
DV
XN
i¼1
mini  _ni
 !(
 d
dt
1
DV
 XN
i¼1
mini  _ni
)
 1
DV
XN
i¼1
mini  €ni;
which yields the following correspondence:
1
DV
XN
i¼1
mi _ni  _ni ! q _a qrT : ð56Þ
The symmetry of the left-hand side indicates that e : _a ¼ e : rT ,
which explains the second difference.
4.5. Angular momentum balance equation (with particle spin)
The total angular momentum in a macroelement is composed of
two parts: the orbital and spin angular momenta. The spin angular
momentum describes particle rotation and the orbital angular
momentum depicts particle motion relative to the macroelement’s
COM. The original derivation of the microcontinuum ﬁeld theory
doesnotprovidethepossibilityof the latterpart. Takingthespincon-
tribution into account, the total angularmomentumper unitmass is
S ¼ sþ e : a: ð57Þ
Then, analogous to Eq. (45), the total discrete formulation of
angular momentum balance Eq. (41) becomes
d
dt
XN
i¼1
miðni  _ni þ siÞ
 !

X
ðbÞc
xc  Fc 
X
ðbÞc
mc
¼
XN
i¼1
miðni  f i þ giÞ þmx ðfb  _vÞ; ð58Þ
where the newly introduced spin-related quantities mc and migi
represent the local surface couple moment acting on contact point
c and the body couple for the particle i, respectively. Eq. (16) and
the following two correspondences:
1
DV
XN
i¼1
migi ! qgðx; tÞ; ð59Þ
1
DV
X
ðbÞc
mc ! 1
V
I
@V
mdS ¼ 1
V
Z
V
r  cdV ; ð60Þ
present the discrete–continuum relations for the three additional
spin contributions, where the continuum counterpart of mc is de-
noted bymdS. This study further assumes that the local surface cou-ple moment m plays a role similar to the traction in continuum
mechanics such that the analogous Cauchy ﬁrst principle is satis-
ﬁed. To be explicit, the relationm ¼ n  c holds, in which c is the lo-
cal couple stress tensor. Eqs. (59) and (60) express the two discrete–
continuum correspondences for the local body couple per unit mass
g and the divergence of local couple stress r  c. Setting the volume
V as a macroelement and assigning the volume-average of r  c at
the point x, the continuum counterpart of the balance equation of
angular momentum with particle spin being included can be de-
duced from Eq. (58) to be
e : q
da
dt
þ qlþr  l
 
þ k ¼ 0; ð61Þ
where
k ¼ qds
dt
 qgr  c; ð62Þ
is a spin-related quantity. Using the two abbreviated notations
C ¼ c l : e and G ¼ g l : e, Eq. (61) can be written as
q
dS
dt
r  C qG ¼ 0: ð63Þ4.6. Energy balance equation
The total energy at a point x in this macroelement-particle
treatment is comprised of the kinetic energy of the macroelement’s
COM, the kinetic energy relative to the macroelement’s COM, the
spin energy, and the internal energy. Eqs. (18) and (19) show the
discrete formulation of the total energy of a macroelement. The en-
ergy balance law states that the change of a system’s total energy is
balanced by mechanical work and heat input to the system. Apply-
ing this law to a macroelement immediately leads to
d
dt
1
2
mv  v þ
XN
i¼1
mi ei þ 1
2
_ni  _ni þ 1
2
si  hi1  si
 " #
¼ W1 þW2 þW3 þW4 þ Q1 þ Q2; ð64Þ
whereW1,W2,W3, andW4 are the four types of mechanical powers
done by body force, surface force, body couple, and surface couple,
respectively. Q1 and Q2 are the energy supply rates due to radiation
and heat conduction. The discrete formulations of the four mechan-
ical powers are
W1 ¼
XN
i¼1
mif i  vi ¼ mfb  v þ
XN
i¼1
mif i  _ni; ð65Þ
W2 ¼
X
ðbÞc
Fc  vc; ð66Þ
W3 ¼
XN
i¼1
migi  s^i ¼ mg  s^þ
XN
i¼1
migi  Dðs^iÞ; ð67Þ
W4 ¼
X
i;c
mi;c  s^i: ð68Þ
Here, s^ið¼ hi1  siÞ is the angular velocity of particle i, with the mo-
ment of inertia hi
1
. s^ is the average angular velocity of the mac-
roelement. The difference of angular velocity Dðs^iÞ is deﬁned by
Dðs^iÞ ¼ s^i  s^. mi;c represents the local couple moment exerting
on the contact point c of particle i. To obtain the continuum limit
of the four mechanical powers, this study ﬁnds the following two
correspondences:1
DV
X
ðbÞc
Fc vc ! 1
V
I
oV
ðn  tÞ vdS¼ 1
V
Z
V
ðtT :rvþðr tÞ vÞdV ; ð69Þ
1
DV
X
i;c
mi;c  s^i! 1
V
I
oV
ðn cÞ  s^dS¼ 1
V
Z
V
ðcT :rs^þðrcÞ  s^ÞdV ; ð70Þ
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Moreover, the discrete expressions of the two energy supply
rates are
Q1 ¼
XN
i¼1
miri; ð71Þ
Q2 ¼ 
X
ðbÞc
qc; ð72Þ
where ri is the energy radiation rate per unit mass for particle i.
Here, it is assumed that heat only conducts through contact point
between two particles, and qc represents the heat outﬂow through
the contact point c per unit time. The continuum limits of the two
energy supply rates, i.e., the speciﬁc heat supply r and the diver-
gence of heat ﬂux r  q, are found to be
1
DV
XN
i¼1
miri ¼ hqri ! qðx; tÞrðx; tÞ; ð73Þ
1
DV
X
ðbÞc
qc ! 1
V
I
oV
nkqkdS ¼
1
V
Z
V
qk;kdV ¼ hqk;ki ! qk;kðx; tÞ: ð74Þ
It is worthwhile to mention that the discrete formulation of heat
ﬂux q (Babic, 1997) can be suggested to be
hqki ¼
1
V
Z
V
ððxkqlÞ;l  xkql;lÞdV ¼
1
V
I
oV
xknlqldS
Z
V
xkql;ldV
 
! 1
DV
X
ðbÞc
xckq
c 
XN
i¼1
xikq
ic
0
@
1
A ¼ 1
DV
X
c
bckq
c; ð75Þ
where bc is the branch vector as mentioned in Section 3. In this der-
ivation, we have assumed that Eq. (74) holds for a single particle,
i.e., qik;kDVi !
P
qic , with qic being the rate of heat outﬂow through
the contact point c of the particle i.
Finally, the balance equation of internal energy, which is ob-
tained from Eq. (64) by accounting for Eqs. (39), (62), (69), (70),
(73), and (74), is written as
q _ee  tT : rv  cT : rs^þ k  s^þr  q qre ¼ 0; ð76Þ
where ee and re are the equivalent internal energy and the equiva-
lent energy supply, respectively, and their discrete counterparts are
1
DV
XN
i¼1
mi ei þ 1
2
_ni  _ni þ 1
2
Dsi  hi1  Dsi
 
¼ hqeei ! qðx; tÞeeðx; tÞ;
ð77Þ
1
DV
XN
i¼1
miðri þ f i  _ni þ gi  Dðs^iÞÞ ¼ hqrei ! qðx; tÞreðx; tÞ: ð78Þ
Comparing Eq. (76) and the energy balance equation in the
microcontinuum ﬁeld theory shown in Section 2 reveals that the
macroelement-particle-based equation is more general in describ-
ing the evolution of a granular material within a continuum frame-
work. Two reasons for this are as follows. (i) This modeling does not
introduce the gyration tensor m, which describes the motion of a
microelement relative to the macroelement’s COM. Therefore, the
condition _n ¼ m  n, which is the requirement for a micromorphic
continuum of grade one, is not necessary. (ii) This modeling takes
into account particle spin represented by local spin, which is missing
in the original microcontinuum theory. The macroelement-particle-
based balance equation can reduce to Eq. (8) if the two requirements
are satisﬁed: (i) the particle spin is discarded, and (ii) the condition
_n ¼ m  n is adopted, i.e., every n in a macroelement has the same
gyration. This reduction involves the following two operations:d
dt
XN
i¼1
1
2
mi _ni  _ni
  !
¼ ðm  m þ _mÞ 
XN
i¼1
ðmini  niÞ
 !" #
: m; ð79Þ
XN
i¼1
mif i  _ni ¼
XN
i¼1
mif i  ni
 !
: m; ð80Þ
and the deﬁnitions of energy supply r and equivalent heat ﬂux qe in
the form of
r ¼ re  l : m; ð81Þ
qe ¼ qþ l : m: ð82Þ
Hence, Eq. (76) is simpliﬁed to
q
de
dt
 tT : rv  s : m  l...rm þr  qe  qr ¼ 0; ð83Þ
which is in the form of the internal energy Eq. (8) of a micromorphic
continuum of grade one.
4.7. Entropy balance equation
For a complete description of thermodynamical phenomena,
one should introduce the entropy as an additional variable to ac-
count for the irreversibility of a system (Jou et al., 2001). Let the en-
tropy K be an extensive quantity and its time rate of change be
written as
dK
dt
¼ d
eK
dt
þ d
iK
dt
; ð84Þ
where deK=dt represents the rate of entropy exchanged from the
system boundary. If we disregard the entropy supply, then diK=dt
denotes the entropy production generated inside the system.
According to the second law of thermodynamics, diK=dt must be
a non-negative quantity if the second law also holds at any macro-
scopic point. For a macroelement, the explicit form of Eq. (84) gives
d
dt
XN
i¼1
migi
 !
¼ 
X
ðbÞc
Uc þ
XN
i¼1
ci; ð85Þ
where gi, Uc , and ci are the speciﬁc entropy for particle i, the entro-
py outﬂow through the contact point c per unit time, and the entro-
py production, respectively. Given that the continuum limits of the
two macroscopic ﬁelds, namely, the entropy ﬂux U and the entropy
production per unit volume c, can be obtained from their corre-
sponding discrete counterparts
1
DV
X
ðbÞc
Uc ! 1
V
I
oV
nkUkdS ¼ 1V
Z
V
Uk;kdV ¼ hUk;ki ! Uk;kðx; tÞ; ð86Þ
1
DV
XN
i¼1
ci ¼ hci ! cðx; tÞ; ð87Þ
the continuum correspondence of Eq. (85) takes the form
q
dg
dt
þr U c ¼ 0; ð88Þ
which is exactly the balance equation of entropy (9).
5. Concluding remarks
This paper discusses the modeling of a discrete granular system
as a micromorphic continuum by using an RVE to identify a mac-
roelement and treating a single particle as a microelement. The rel-
ative position vectors of particles in a macroelement are
interpreted as internal degrees of freedom at a macroscopic point.
Proposing the macroelement-particle treatment helps to construct
a bridge between the discrete and continuum quantities for a gran-
ular material. After specifying the volume of a macroelement to
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terparts, this study formulates the discrete expressions of balance
equations in a macroelement. The derived discrete balance equa-
tions are Eqs. (34), (36), (31), (58), (64), and (85). Then these equa-
tions are transformed into their continuum counterparts, i.e., Eqs.
(35), (38), (39), (63), (76), and (88), which govern the time evolu-
tions for the ﬁeld quantities ðq; i;v; a; s; e;gÞ. Disregarding the en-
tropy equation, the external sources in these equations are
ðfb; l;g; reÞ, and other quantities ðt; l; c;qÞ should be determined
by proposing additional constitutive relations. A slight difference
between our derived continuum equations and those in the micro-
continuum theory can be found. That is, our system rotation con-
sists of two parts. The reason for this is that choosing a granular
particle as a microelement leads to microelement spins.
The volume-type ﬁeld quantities are readily constructed by per-
forming the discrete–continuum analogy. However, surface-type
quantities can not be obtained in such a straightforward manner.
The general discrete expression for stress tensor of granular mate-
rials is obtained with the help of linear momentum balance equa-
tion, and we show that this expression involves not only the
standard expression in a static condition, ð1=DVÞPðbÞcrc  Fc , but
also the contributions due to speciﬁc body forces and particle dif-
ferences in acceleration. Furthermore, we show that the stress for-
mulation can be expressed as ð1=DVÞPcbc  Fc while introducing
the branch vector bc , and the stress tensor is symmetric by
accounting for the balance of angular momentum.
This macroelement-particle treatment has three major advanta-
ges, listed as follows. First, this modeling presents detailed infor-
mation on particle arrangement at a macroscopic point that
other continuum mechanical approaches cannot reach. Second,
this modeling connects the theory of micromechanics (Nemat-
Nasser and Hori, 1993) and the microcontinuum ﬁeld theory in
two ways. On the one hand, it drives the study of micromechanics
to dynamic applications and, on the other hand, it extends the
study of a microcontinuum to a discrete system. The third advan-
tage of this modeling is that it offers a convenient way to link dis-
crete and continuum quantities of a granular material. It ﬁnds
continuum ﬁeld quantities by taking continuum analogies of corre-
sponding discrete quantities. Based on this modeling, we can for-
mulate the local form of balance equations for a granular
continuum, i.e., balance equations of mass, microinertia, linear
momentum, angular momentum, energy, and entropy, from their
discrete balance equations for a macroelement.
Furthermore, it has been shown that a micromorphic contin-
uum is endowed with three types of internal deformation at every
macroscopic point, namely, rotational, dilatancy, and shearing. The
three types of deformation can be mathematically characterized by
the antisymmetric part, the bulk symmetric part, and the deviator-
ic symmetric part of microcontinuum ﬁeld quantities (Chen and
Lan, 2008). This micromorphic modeling provides a more general
understanding of granular dynamics in that it can not only be re-
duced to the micropolar modeling of a granular assembly (Kana-
tani, 1979; Chang and Ma, 1991) by just considering the
rotational degree of freedom, but it can also be simpliﬁed to the
Goodman–Cowin theory (1972), where the dilatant effect at a mac-
ropoint for granular materials is taken into account (Chen and Lan,
2008).
Finally, we discuss some issues which remain unresolved. First,
kinematic variables used in this dynamic study of a discrete gran-
ular system are position vector, velocity vector, acceleration vector,
and angular velocity vector. However, this study does not discuss
strain measure, which is the dominant kinematic variable in a qua-
si-static case and an essential quantity in constitutive analysis. This
topic requires further investigation. Second, this study presents a
simple derivation of continuum quantities for a granular assembly
using discrete–continuum correspondence. The detailed discussionon space and time continuity for these continuum quantities is not
addressed here. Our ensuing study will account for the weighting
function around the space point x and time t (Zhu and Yu, 2002)
to provide a more precise micromorphic continuum description.
Third, As for a real application of the micromorphic model to gran-
ular materials, thorough studies on the speciﬁcation of suitable
boundary conditions and the determination of constitutive rela-
tions are urgently required.
Introducing this macroelement-particle treatment, an advanced
perspective on a granular material might be proposed: this mate-
rial could be conceived as a micromorphic medium of multi-grade
N. The number N is the particle number in a macroelement, and is
not a constant in space and time. Although the general theory for a
micromorphic medium of grade N is yet to be developed, a simpli-
ﬁcation has been made of the grade one theory and serves to pres-
ent valuable information about mechanical properties of a granular
medium.
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